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THE CROSSCUT POSET AND THE FIXED POINT PROPERTY
ANA GARGANTINI AND MIGUEL OTTINA
Abstract. We introduce a new combinatorial invariant, which we call crosscut poset,
that is finer than the crosscut complex. We exhibit many applications of the crosscut
poset which include a generalization of Bjo¨rner’s crosscut theorem and several results
concerning the fixed point property.
1. Introduction
A classical technique to study combinatorial objects such as posets or graphs is to
associate a simplicial complex to each of them and then infer properties of them from
topological properties of the associated simplicial complex. Well-known examples of this
technique are the order complex, the crosscut complex [8], Lova´sz’s neigbourhood complex
[14] and Hom–complexes [3].
The crosscut complex of a poset is a simplicial complex constructed from a cutset of the
given poset. Specifically, given a poset P and a cutset X of P the crosscut complex of P
(with respect to X) is the simplicial complex ΓC(P,X) whose simplices are the non-empty
finite subsets of X which are astral (a subset A ⊆ P is astral if there exists a ∈ P such
that every element of A is comparable to a).
The notion of crosscut complex was introduced by Bjo¨rner in [8] to study homotopical
properties of posets. One of the main results of that work is Bjo¨rner’s Crosscut Theorem
[8, Theorem 2.3], which states that, under suitable assumptions, the geometric realizations
of the crosscut complex and the order complex of a poset are homotopy equivalent. This
result was used in [4] to study the fixed point property of posets but has many other
applications in Combinatorics, Topology and Algebra [9, 10, 13, 15, 17, 18]. Moreover,
in the case of finite posets, a simple homotopy variant of Bjo¨rner’s Crosscut Theorem is
given by Barmak in [6, Theorem 4.5].
In this article we introduce a new combinatorial invariant, which we call crosscut poset,
which is strongly related to Bjo¨rner’s crosscut complex. The main idea of the crosscut
poset is to consider, for each non-empty astral subset A contained in a given cutset X of
a poset P , the connected components of the subposet st(A) of the elements of P which
are comparable to all the elements of A. These connected components are then ordered
by inclusion to obtain the crosscut poset. Note that a subset A is astral if and only if
st(A) 6= ∅. Therefore, instead of analysing whether st(A) is non-empty as in the crosscut
complex, we track the connected components of the non-empty subposets st(A). In this
way, we are able to obtain much more information of the poset P and, in consequence,
the crosscut poset is a finer invariant than the crosscut complex. In addition, we prove
that, under the hypotheses of Bjo¨rner’s Crosscut Theorem, the geometric realization of the
crosscut complex is homotopy equivalent to the geometric realization of the order complex
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of the crosscut poset, which gives an important relationship between the crosscut complex
and the crosscut poset.
One of the main results of this article states that, under suitable assumptions, the
crosscut poset of a poset P is weak homotopy equivalent to P , which, as we shall see,
gives a generalization to Bjo¨rner’s Crosscut Theorem and to Barmak’s simple homotopy
variant. By means of the crosscut poset we also generalize a result of Baclawski and
Bjo¨rner’s which gives a sufficient condition for a poset to have the strong fixed point
property [4, Proposition 3.1] and we obtain various additional results concerning the fixed
point property and the fixed simplex property.
An additional novel idea that we present in this article is that, given a poset P , the
crosscut posets of P with respect to the cutsets of maximal and minimal elements of P
can be combined to obtain a new poset, which we denote C (P ), that has the additional
property that any order-preserving map f : P → Q between posets induces an order-
preserving map C (f) : C (P ) → C (Q), which restricts to order-preserving maps between
the corresponding crosscut posets that make up C (P ) and C (Q). This assigment, which
is studied in the last section of this article, turns out to be very useful to study the fixed
point property, as it is shown by several results and examples that we present in that
section. In particular, we obtain an alternative proof to a result of [12] and we prove that
if P is a poset such that the crosscut poset of P with respect to the maximal elements
of P has the fixed point property and every element of this crosscut poset has the fixed
point property then the poset P has the fixed point property, generalizing a result of [4].
2. Preliminaries and notations
Let P be a poset. The sets of maximal and minimal elements of P will be denoted by
mxl(P ) and mnl(P ) respectively and the opposite poset of P will be denoted by P op. In
addition, for each a ∈ P we denote
P≤a = {x ∈ P | x ≤ a}, P≥a = {x ∈ P | x ≥ a},
P<a = {x ∈ P | x < a}, P>a = {x ∈ P | x > a}.
The order complex of P will be denoted by K(P ) and its geometric realization will be
denoted by |K(P )|. On the other hand, if K is a simplicial complex, X (K) will denote the
poset of simplices of K ordered by inclusion.
Now, let P be a poset and let x ∈ P . We say that x is an irreducible point of P if
either P<x has a maximum element or P>x has a minimum element. Recall that if x is an
irreducible point of a poset P then P has the fixed point property if and only if P − {x}
has the fixed point property [20, Scholium 4.13].
We say that a finite poset P is dismantlable by irreducibles if there exists n ∈ N and
a finite sequence P0, P1, . . . , Pn of subposets of P such that P0 = P , the subposet Pn has
only one element and for each j ∈ {1, 2, . . . , n}, the subposet Pj is obtained from Pj−1 by
removing an irreducible point of Pj−1. It follows that if a finite poset is dismantlable by
irreducibles then it has the fixed point property ([19, Corollary 2]).
Remark 2.1. Let n ∈ N such that n ≥ 2 and let P be a 2n–crown, that is, a poset which
is isomorphic to the poset defined by the following Hasse diagram
•
1
•
2
· · · •
n− 1
•
n
•
n+ 1
•
n+ 2
· · · •
2n− 1
•
2n
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Note that, for each element a ∈ P , the poset P − {a} is dismantlable by irreducibles. It
follows that every order-preserving map f : P → P which is not bijective has a fixed point.
Definition 2.2. Let P be a poset.
• Let a ∈ P . We define the star of a in P as the subposet stP (a) = P≤a ∪ P≥a.
• Let A be a non-empty subset of P . We define the star of A in P as the subposet
stP (A) =
⋂
a∈A
stP (a).
When there is no risk of confusion we will denote stP (a) by st(a) and stP (A) by st(A).
Recall that if K is a simplicial complex, SK is the set of simplices of K and σ ∈ SK ,
the closed star of σ in K is the subcomplex StK(σ) of K whose set of simplices is {τ ∈
SK | τ ∪ σ ∈ SK}. It is easy to verify that if P is a poset and σ is a simplex of K(P ) then
StK(P )(σ) = K(stP (σ)).
Cutsets and crosscuts. Let P be a poset. Following [8], we say that a subset S ⊆ P is
bounded if it is either bounded below or bounded above, and that a subset A ⊆ P is astral
if there exists x ∈ P such that A ⊆ st(x). Note that a subset A ⊆ P is astral if and only
if st(A) 6= ∅.
A subset X ⊆ P is a cutset of P if for every finite chain σ contained in P there exists
an element a ∈ X such that σ ∪ {a} is a chain (or equivalently, σ ⊆ st(a)). We say that a
cutset X is coherent if every finite non-empty bounded subset of X has either a meet or a
join in P . A subset X ⊆ P is a crosscut of P if it is an antichain of P which is a coherent
cutset. Note that if X is a crosscut of P and A is a subset of X then A is bounded if and
only if it is astral.
If X is a cutset of P , the crosscut complex ΓC(P,X) is the simplicial complex whose
simplices are the non-empty finite astral subsets of X [8, p.94]. Note that this definition
might be extended to any subset X ⊆ P .
The following result is contained in the proof of Theorem 2.3 of [8]. We include it here
for future reference and we give a proof, following [8], for completeness.
Lemma 2.3 (Bjo¨rner). Let P be a poset and let X be a coherent cutset of P . Let σ ⊆ X be
a non-empty finite astral subset of P . Then there exists z ∈ st(σ) such that st(σ) ⊆ st(z).
In particular, st(σ) = stst(σ)(z).
Proof. Since σ is an astral subset there exists y ∈ P such that σ ⊆ st(y). Let σ1 = σ∩P≤y
and σ2 = σ ∩ P≥y. Note that σ = σ1 ∪ σ2 and that σ1 and σ2 are bounded subsets of X.
Since σ 6= ∅, without loss of generality we may assume that σ1 6= ∅. And since X is a
coherent cutset, the subset σ1 has either a meet or a join in P .
Suppose first that σ1 has a meet in P and let z be that meet. We will prove that
st(σ1) ⊆ st(z). Let x ∈ st(σ1). If there exists a ∈ σ1 such that x ≥ a then x ≥ z and
thus x ∈ st(z). Otherwise, for all a ∈ σ1 we have that x ≤ a and hence x ≤ z and thus
x ∈ st(z). Therefore st(σ1) ⊆ st(z). Hence, st(σ) ⊆ st(z). Note that z ∈ st(σ) since for
all a ∈ σ1 and for all a
′ ∈ σ2 we have that z ≤ a ≤ y ≤ a
′.
Suppose now that σ1 has a join in P and let z be that join. As in the previous case
we will prove that st(σ1) ⊆ st(z). Let x ∈ st(σ1). If there exists a ∈ σ1 such that x ≤ a
then x ≤ z and thus x ∈ st(z). Otherwise, for all a ∈ σ1 we have that x ≥ a and hence
x ≥ z and thus x ∈ st(z). Therefore st(σ1) ⊆ st(z). It follows that st(σ) ⊆ st(z). Note
that z ∈ st(σ) since for all a ∈ σ1 and for all a
′ ∈ σ2 we have that a ≤ z ≤ y ≤ a
′. 
Alexandroff spaces. Alexandroff spaces are topological spaces which satisfy that any
intersection of open subsets is an open subset. Alexandroff proved in [2] that there is a
bijective correspondence between preorder relations on a set X and Alexandroff topologies
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on X, under which down-sets correspond to open sets. Moreover, this correspondence
induces a bijection between partial orders and Alexandroff topologies which satisfy the T0
separation axiom. In addition, under the previous correspondence, order-preserving maps
between preordered sets correspond to continuous maps between the associated topological
spaces.
Recall also that Alexandroff spaces are locally path-connected and thus the connected
components of an Alexandroff space coincide with its path-connected components. More-
over, the connected components of an Alexandroff space coincide with the connected com-
ponents of the preordered set associated to it.
Following Alexandroff’s correspondence, from now on we will regard any poset as an
Alexandroff T0–space and any order-preserving map between posets as a continuous map
without further notice.
Let P and Q be posets and let f, g : P → Q be order-preserving maps such that f ≤ g.
It is not difficult to verify that the map H : P × [0, 1]→ Q defined by
H(x, t) =
{
f(x) if t < 1,
g(x) if t = 1,
is continuous, and hence a homotopy between f and g relative to the set {x ∈ P | f(x) =
g(x)}. As a consequence, if f, g : P → Q are order-preserving maps such that, for each
x ∈ P , f(x) and g(x) are comparable, then f and g are homotopic maps since both of
them are comparable to the order-preserving map h = max{f, g}. Hence, if P is a poset
which satisfies that there exists a ∈ P such that P = stP (a) then P is contractible since
the identity map of P is homotopic to the constant map with value a. In particular, every
poset with a maximum or a minimum element is contractible.
In [16], McCord proved that if P is a poset then there exists a weak homotopy equiva-
lence µP : |K(P )| → P , that is, a continuous map which induces isomorphisms on all the
homotopy groups for any choice of the basepoint (and hence, it also induces isomorphisms
on all the homology and cohomology groups). Moreover, he proves that if f : P → Q is
an order-preserving map between posets then there is a commutative diagram
|K(P )| |K(Q)|
P Q
f
|K(f)|
µP µQ
It follows that if the map f is a weak homotopy equivalence then |K(f)| is a homotopy
equivalence. In addition, in the same article, McCord also proved that if K is a simplicial
complex then there exists a weak homotopy equivalence |K| → X (K).
Let X and Y be topological spaces. We say that X and Y are weak homotopy equivalent
if there exist n ∈ N and topological spaces X0,X1, . . . ,Xn such that X0 = X, Xn = Y
and such that for each j ∈ {1, 2, . . . , n} there exists either a weak homotopy equivalence
Xj−1 → Xj or a weak homotopy equivalence Xj → Xj−1. Note that, if P is a poset, then
P and P op are weak homotopy equivalent by the results of McCord.
We say that a topological space X is weakly contractible if the only map from X to the
singleton is a weak homotopy equivalence, that is, if all the homotopy groups of X are
trivial. From the results of McCord it follows that a poset P is weakly contractible if and
only if |K(P )| is contractible. Recall also that a finite poset which is weakly contractible
has the fixed point property (cf. [4, Theorem 2.1]).
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3. The crosscut poset
In this section we introduce the crosscut poset and show how it is related to the crosscut
complex. By means of the crosscut poset we will obtain generalizations of results of [4], [6]
and [8], together with some applications to the fixed point property and the fixed simplex
property.
Notation. Let S be a set. The power set of S will be denoted by P(S) and the set
P(S)−{∅} will be denoted by P6=∅(S). In addition, the set whose elements are the finite
non-empty subsets of S will be denoted by Pf, 6=∅(S).
Definition 3.1. Let P be a poset and let X be a subset of P . We define the crosscut poset
of P with respect to X as the subposet of (P6=∅(P ),⊆) whose elements are the connected
components of the non-empty subposets st(A) with A ∈ P6=∅(X). It will be denoted by
Γ(P,X).
Example 3.2. Let P be the poset defined by the following Hasse diagram
•
0
•
1
•2 • 3 • 4
•
5
•
6
•
7
Note that st({5, 6}) = st({5, 7}) = st({5, 6, 7}) = {0, 1, 2, 3}, which is connected, and that
the connected components of st({6, 7}) are {0, 1, 2, 3} and {4}. Thus, the Hasse diagram
of the poset Γ(P,mxl(P )) is
5
2 3
0 1
6
2 3 4
0 1
7
2 3 4
0 1
2 3
0 1
4
On the other hand, since {5, 6, 7} is an astral subset of P it follows that ΓC(P,mxl(P )) is
a 2–simplex.
Observe also that ΓC(P,mxl(P )) = ΓC(P −{4},mxl(P )) but Γ(P −{4},mxl(P )) is not
isomorphic to Γ(P,mxl(P )) since the Hasse diagram of the poset Γ(P − {4},mxl(P )) is
5
2 3
0 1
6
2 3
0 1
7
2 3
0 1
2 3
0 1
Judging by the previous example, it seems that the crosscut poset is a finer invariant
than the crosscut complex. We will prove that this is indeed true under mild assumptions.
To this end we will need the following lemma, which gives a characterization of the maximal
elements of the crosscut poset.
Lemma 3.3. Let P be a poset and let X be an antichain of P . Then mxl(Γ(P,X)) =
{st(a) | a ∈ X}.
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Proof. Let a ∈ X. Since st(a) is connected, st(a) ∈ Γ(P,X). Let C ∈ Γ(P,X) such that
C ⊇ st(a) and let A be a non-empty subset of X such that C is a connected component
of st(A). Then st(a) ⊆ C ⊆ st(A). It follows that a ∈ st(x) for all x ∈ A. Since X is an
antichain we obtain that a = x for all x ∈ A. Hence A = {a} and st(a) = st(A) = C.
Therefore, st(a) ∈ mxl(Γ(P,X)).
Now let C ∈ mxl(Γ(P,X)). Let A be a non-empty subset of X such that C is a
connected component of st(A). Let a ∈ A. Then C ⊆ st(a). Hence C = st(a). 
Proposition 3.4. Let P and P ′ be posets, let X be an antichain of P and let X ′ be an
antichain of P ′. If Γ(P,X) is isomorphic to Γ(P ′,X ′) then ΓC(P,X) is isomorphic to
ΓC(P
′,X ′).
Proof. Let ϕ : Γ(P,X)→ Γ(P ′,X ′) be an isomorphism. Let ι : X → Γ(P,X) and ι′ : X ′ →
Γ(P ′,X ′) be given by ι(x) = st(x) for all x ∈ X and ι′(x′) = st(x′) for all x′ ∈ X ′. Note
that ι and ι′ are injective maps since X and X ′ are antichains. From 3.3 it follows that ι
and ι′ induce bijections X ∼= mxl(Γ(P,X)) and X ′ ∼= mxl(Γ(P ′,X ′)), respectively. Since
ϕ is an isomorphism, ϕ induces a bijection mxl(Γ(P,X)) ∼= mxl(Γ(P ′,X ′)). Therefore,
there exists a bijective map ϕ˜ : X → X ′ such that ι′(ϕ˜(x)) = ϕ(ι(x)) for all x ∈ X.
We will prove now that ϕ˜ defines a morphism of simplicial complexes ΓC(P,X) →
ΓC(P
′,X ′). Let σ be a simplex of ΓC(P,X), that is, a non-empty finite astral subset of
X. Then st(σ) 6= ∅. Let C be a connected component of st(σ). Then C ⊆ st(a) for all
a ∈ σ. Hence, for each a ∈ σ we have that
ϕ(C) ⊆ ϕ(st(a)) = ϕ(ι(a)) = ι′(ϕ˜(a)) = st(ϕ˜(a)).
Thus, ϕ(C) ⊆ st(ϕ˜(σ)) and hence st(ϕ˜(σ)) 6= ∅ which implies that ϕ˜(σ) is an astral subset
of X ′. Therefore, ϕ˜ defines a morphism of simplicial complexes ΓC(P,X)→ ΓC(P
′,X ′).
Applying the previous argument to ϕ−1 we obtain a morphism of simplicial complexes
ΓC(P
′,X ′)→ ΓC(P,X), which is the inverse of ϕ˜. 
We mention that the previous proposition does not hold if either X or X ′ is not an
antichain. Similarly, lemma 3.3 might not hold if X is not an antichain. In 3.5 we provide
simple counterexamples.
Example 3.5. Let P be the poset with elements 0 and 1 such that 0 < 1 and let P ′ be a
one-element poset. Then Γ(P,P ) and Γ(P ′, P ′) are one-element posets but ΓC(P,P ) is a
1–simplex and ΓC(P
′, P ′) is a simplicial complex with a unique vertex.
On the other hand, let Q be the poset with elements a, b and c with non-trivial relations
a < b and a < c. Let X = {a, b}. Then st(b) = {a, b} is not a maximal element of Γ(Q,X)
since it is properly contained in st(a) = Q.
Definition 3.6. Let P be a poset and let X and B be subsets of P . We define
IX(B) = {x ∈ X | B ⊆ st(x)}.
Remark 3.7. Let P be a poset, let X be a subset of P and let D be a non-empty subset
of P . For each d ∈ D and for each x ∈ IX(D) we have that d ∈ st(x), or equivalently,
x ∈ st(d). Therefore, IX(D) ⊆ st(D). In particular, every subset of IX(D) is an astral
subset of X.
The following proposition states a key property of the crosscut poset.
Proposition 3.8. Let P be a poset and let X be a subset of P . Let B ⊆ P be a con-
nected non-empty subposet and let ΓB = {C ∈ Γ(P,X) | B ⊆ C}. If ΓB is non-empty,
then IX(B) 6= ∅ and ΓB has a minimum element, which is the connected component of
st(IX(B)) that contains B.
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In particular, if B ∈ Γ(P,X) then IX(B) 6= ∅ and B is a connected component of
st(IX(B)).
Proof. Let C1 ∈ Γ(P,X) such that B ⊆ C1 and let A be a non-empty subset of X such
that C1 is a connected component of st(A). Let a0 ∈ A. Then B ⊆ st(A) ⊆ st(a0). Hence
a0 ∈ IX(B). Thus, IX(B) 6= ∅.
Clearly B ⊆ st(IX(B)) and, since B is a connected non-empty subposet of P , there
exists a unique connected component C0 of st(IX(B)) such that B ⊆ C0. Note that
C0 ∈ Γ(P,X).
We will prove now that C0 = min{C ∈ Γ(P,X) | B ⊆ C}. Let C ∈ Γ(P,X) such that
B ⊆ C. There exists a non-empty subset A ⊆ X such that C is a connected component
of st(A). Hence B ⊆ st(a) for all a ∈ A. Then, A ⊆ IX(B) and thus st(IX(B)) ⊆ st(A).
Hence C0 ⊆ st(A). Since C is a connected component of st(A) and ∅ 6= B ⊆ C0 ∩ C, it
follows that C0 ⊆ C. 
We will now show how the crosscut poset is related to the crosscut complex. To this
end, we need the following lemma.
Lemma 3.9. Let B be a non-empty set. Then the poset (Pf, 6=∅(B),⊆) is weakly con-
tractible.
Proof. Let P denote the poset (Pf, 6=∅(B),⊆). Note that P is connected since, if A1, A2 ∈ P
then A1 ∪A2 ∈ P.
Now, let n ∈ N, let Sn denote the n–sphere and let f : Sn → P be a continuous
map. Since Imf is compact and P is locally finite then Imf is a finite subset of P. Let
M =
⋃
A∈Imf
A. Note that M ∈ P and that Imf ⊆ P≤M . Hence the continuous map f can
be factorized through the contractible poset P≤M . Thus f is nullhomotopic.
Therefore, P is weakly contractible. 
The following proposition exhibits the relationship between the crosscut poset and the
crosscut complex.
Proposition 3.10. Let P be a poset and let X be a coherent cutset of P . Then X (ΓC(P,X))
and Γ(P,X) are weak homotopy equivalent. In particular, |K(Γ(P,X))| and |ΓC(P,X)|
are homotopy equivalent.
Proof. Let ν : X (ΓC(P,X))→ Γ(P,X)
op be defined by ν(σ) = st(σ). Note that, if σ ⊆ X
is a non-empty finite astral subset of P then st(σ) is non-empty and, by 2.3, connected.
Thus, ν is well-defined. Clearly, ν is order-preserving.
We will prove now that ν is a weak homotopy equivalence. Note that for each D ∈
Γ(P,X)op we have that
ν−1(Γ(P,X)op≤D) = {σ ∈ X (ΓC(P,X)) | st(σ) ⊇ D} = Pf, 6=∅(IX(D)),
since if σ is a non-empty subset of X such that st(σ) ⊇ D then σ ⊆ IX(D), and if
σ ∈ Pf, 6=∅(IX(D)) then σ is astral by 3.7 and st(σ) ⊇ st(IX(D)) ⊇ D. Thus, for each
D ∈ Γ(P,X)op, ν−1(Γ(P,X)op≤D) is weakly contractible by 3.9, since IX(D) 6= ∅ by 3.8.
Therefore, ν is a weak homotopy equivalence by [16, Theorem 6]. The result follows. 
The following proposition sharpens 3.10 in the case that the cutset X is finite.
Proposition 3.11. Let P be a poset and let X be a coherent finite cutset of P . Then
Γ(P,X)op is isomorphic to a strong deformation retract of X (ΓC(P,X)).
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Proof. Let ν : X (ΓC(P,X)) → Γ(P,X)
op be the map defined in the previous proof. Let
ι : Γ(P,X)op → X (ΓC(P,X)) be defined by ι(C) = IX(C). Note that, for each C ∈
Γ(P,X), the set IX(C) is non-empty by 3.8 and an astral subset of P by 3.7. Thus, ι is
well defined. Clearly, ι is order-preserving.
Now, let C ∈ Γ(P,X). Since st(IX(C)) = ν(ι(C)) ∈ Γ(P,X) it follows that st(IX(C))
is connected and hence C = st(IX(C)) by 3.8. Therefore, νι = idΓ(P,X)op . On the other
hand, let σ be a non-empty finite astral subset of X. Clearly σ ⊆ IX(st(σ)). Therefore,
ιν ≥ idX (ΓC(P,X)). The result follows. 
The following theorem is one of the main results of this article.
Theorem 3.12. Let P be a poset and let X be a cutset of P . Let Γf (P,X) be the subposet
of Γ(P,X) whose elements are the connected components of the non-empty sets st(A) with
A ∈ Pf, 6=∅(X). Suppose that for all C ∈ Γf (P,X), C is weakly contractible. Then P and
Γ(P,X) are weak homotopy equivalent. In addition, if P is a finite poset then K(P ) and
K(Γ(P,X)) are simple homotopy equivalent.
Proof. Let σ be a non-empty finite chain of P . Since X is a cutset, IX(σ) 6= ∅. Clearly,
σ ⊆ st(IX(σ)), and since σ is connected, there exists a unique connected component Cσ
of st(IX(σ)) such that σ ⊆ Cσ.
Let µ : X (K(P )) → Γ(P,X) be defined by µ(σ) = Cσ for all σ ∈ X (K(P )). We will
prove that µ is an order-preserving map. Let σ, τ ∈ X (K(P )) be such that σ ⊆ τ . Then
σ ⊆ Cτ . Thus, Cσ ⊆ Cτ by 3.8. Therefore, µ is an order-preserving map.
Let U = {Γ(P,X)≤D | D ∈ Γf (P,X)}. We will prove that U is a basis-like open cover
of Γ(P,X). Let C ∈ Γ(P,X). By 3.8, IX(C) 6= ∅. Let a ∈ IX(C). Then C ⊆ st(a)
and st(a) ∈ Γf (P,X). Thus U is a cover of Γ(P,X). Now, let V1, V2 ∈ U and let
C0 ∈ V1 ∩ V2. Let D1,D2 ∈ Γf (P,X) such that V1 = Γ(P,X)≤D1 and V2 = Γ(P,X)≤D2 .
Since D1,D2 ∈ Γf (P,X), there exist finite non-empty subsets A1, A2 ⊆ X such that D1
is a connected component of st(A1) and D2 is a connected component of st(A2). Thus,
C0 ⊆ D1 ∩D2 ⊆ st(A1) ∩ st(A2) = st(A1 ∪A2).
Since C0 is connected, there exists a (unique) connected component D3 of st(A1 ∪ A2)
such that C0 ⊆ D3. Clearly, D3 ∈ Γf (P,X). Note that D3 ⊆ st(A1) and since D3 is
connected and D3 ∩D1 ⊇ C0 6= ∅ we obtain that D3 ⊆ D1. Similarly, D3 ⊆ D2. Thus,
C0 ∈ Γ(P,X)≤D3 ⊆ V1 ∩ V2. Therefore, U is a basis-like open cover of Γ(P,X).
We will prove now that, for all C ∈ Γ(P,X),
µ−1(Γ(P,X)≤C ) = {σ ∈ X (K(P )) | σ ⊆ C}.
Let C ∈ Γ(P,X). If σ ∈ X (K(P )) is such that µ(σ) ∈ Γ(P,X)≤C , then σ ⊆ Cσ ⊆ C.
Conversely, if σ ∈ X (K(P )) is such that σ ⊆ C then µ(σ) = Cσ ⊆ C by 3.8.
Since for all C ∈ Γf (P,X), the subposet {σ ∈ X (K(P )) | σ ⊆ C} is isomorphic to
X (K(C)), which is weakly contractible by hypothesis, it follows that µ is a weak homotopy
equivalence by [16, Theorem 6]. The second assertion of the theorem follows from [6,
Theorem 1.2] and the fact that a finite simplicial complex has the same simple homotopy
type as its barycentric subdivision. 
In [8, Theorem 2.3], Bjo¨rner proves that if P is a poset and X ⊆ P is a coherent cutset
then |K(P )| and |ΓC(P,X)| are homotopy equivalent. We will show that 3.12 generalizes
Bjo¨rner’s result. To this end, we will use the following proposition which exhibits the
relationship between the coherent cutset condition and the elements of the crosscut poset.
Proposition 3.13. Let P be a poset and let X be a coherent cutset of P . Let Γf (P,X)
be the subposet of Γ(P,X) defined in 3.12. Then:
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(a) Γf (P,X) = {st(A) | A is a finite non-empty astral subset of X}.
(b) For each C ∈ Γf (P,X), there exists z ∈ C such that C = stC(z). In particular, the
elements of Γf (P,X) are contractible subspaces of P .
Proof. Note that if A is a finite non-empty astral subset of X then st(A) is connected by
2.3 and thus st(A) ∈ Γf (P,X). Conversely, let C ∈ Γf (P,X) and let A be a non-empty
finite subset of X such that C is a connected component of st(A). Note that A is an
astral subset of P and thus, by 2.3, there exists z ∈ st(A) such that st(A) = stst(A)(z). In
particular, st(A) is connected and thus C = st(A). The result follows. 
Now, let P be a poset and let X be a coherent cutset of P . By 3.13, the hypotheses
of 3.12 hold, and thus |K(P )| and |K(Γ(P,X))| are homotopy equivalent. And since, by
3.10, |K(Γ(P,X))| and |ΓC(P,X)| are homotopy equivalent, we obtain that |K(P )| and
|ΓC(P,X)| are homotopy equivalent. Therefore, 3.12 generalizes [8, Theorem 2.3]. Note
that the hypotheses of 3.12 are much weaker than those of [8, Theorem 2.3].
Observe also that 3.12 generalizes [6, Theorem 4.5] which states that if P is a finite poset
andX ⊆ P is a crosscut then K(P ) and ΓC(P,X) are simple homotopy equivalent. Indeed,
under the hypotheses of [6, Theorem 4.5] the finite spaces Γ(P,X)op and X (ΓC(P,X))
are homotopy equivalent by 3.11, hence K(Γ(P,X)) and K(X (ΓC (P,X))) have the same
simple homotopy type by [7, Theorem 3.10], and thus K(Γ(P,X)) and ΓC(P,X) are simple
homotopy equivalent.
Example 3.14. Let P be the poset given by the following Hasse diagram.
•
0
•
1
•
2
•
3
•
4
The set of minimal elements of P is a cutset of P which is not coherent since the set {0, 1}
is a bounded subset which has neither a meet nor a join. The poset Γ(P,mnl(P )) and the
simplicial complex ΓC(P,mnl(P )) are shown below.
Γ(P,mnl(P ))
3 4
2 3 4
0
3 4
1
ΓC(P,mnl(P ))
0
1
Clearly |K(P )| is homotopy equivalent to the 1–sphere S1 and |ΓC(P,mnl(P ))| is con-
tractible, thus the assertions of [8, Theorem 2.3] and [6, Theorem 4.5] do not hold without
the assumption that the cutset is coherent. Observe also that the poset P does satisfy the
hypotheses of 3.12 and clearly |K(P )| and |K(Γ(P,mnl(P )))| are homotopy equivalent.
We will now study the particular case in which the cutset is the subset of maximal
elements and every element of the corresponding crosscut poset has a maximum element.
Let P be a poset. Observe that every C ∈ Γ(P,mxl(P )) is a down-set of P since, for all
a ∈ mxl(P ), st(a) = P≤a is a down-set of P . Note also that mxl(P ) is a cutset of P if and
only if P =
⋃
a∈mxl(P )
P≤a and that if P is a finite poset then mxl(P ) is a cutset of P .
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Theorem 3.15. Let P be a poset such that mxl(P ) is a cutset of P . Suppose that every
C ∈ Γ(P,mxl(P )) has a maximum element. Let P0 = {maxC | C ∈ Γ(P,mxl(P ))} and
let i : P0 → P be the inclusion map. Then:
(a) There exists a retraction r : P → P0 such that ir ≥ idP . In particular, P0 is a strong
deformation retract of P .
(b) The posets Γ(P,mxl(P )) and P0 are isomorphic.
Proof.
(a) For each x ∈ P let Cx be the connected component of st(Imxl(P )({x})) that
contains x. Observe that Imxl(P )({x}) 6= ∅ since mxl(P ) is a cutset of P . Clearly,
Cx ∈ Γ(P,mxl(P )).
Let r : P → P0 be defined by r(x) = maxCx. We claim that r is an order-preserving
map. Indeed, let x1, x2 ∈ P such that x1 ≤ x2. Since Cx2 is a down-set of P we obtain
that x1 ∈ Cx2 . Thus Cx1 ⊆ Cx2 by 3.8. Hence, r(x1) ≤ r(x2).
Clearly, ir ≥ idP . We will prove now that ri = idP0 . Let z ∈ P0. Then there exists
C ∈ Γ(P,mxl(P )) such that z = maxC. By 3.8, Cz ⊆ C. Thus, maxCz = z and hence
ri(z) = z.
(b) Let ϕ : Γ(P,mxl(P )) → P0 and ψ : P0 → Γ(P,mxl(P )) be given by ϕ(C) = maxC
and ψ(z) = P≤z. We will prove that ψ is well-defined and that ϕ and ψ are mutually
inverse isomorphisms.
Let z ∈ P0 and let C ∈ Γ(P,mxl(P )) such that z = maxC. Since C is a down-set of P
we obtain that C = P≤z. Therefore, ψ is well-defined and C = ψ(ϕ(C)). It follows that
ψϕ = idΓ(P,mxl(P )). Clearly, ϕψ = idP0 and ϕ and ψ are order-preserving maps. 
Now, we will give some applications of the previous theorem. Firstly, let P be a finite
poset such that mnl(P ) is a coherent cutset of P . Let PM be the subposet of P consisting
of all the elements that can be obtained as joins of non-empty subsets of mnl(P ) and let
P̂M be the lattice obtained by adding a maximum and a minimum element to PM . Under
these assumptions, [4, Proposition 3.1] states that if the lattice P̂M is non-complemented
then the poset P has the strong fixed point property. However, in the proof of this result
Baclawski and Bjo¨rner obtain something stronger: that the poset P is weakly contractible.
In addition, by the proof of [4, Corollary 3.2] one obtains that if the lattice P̂M is non-
complemented then PM is weakly contractible. Thus, with the previous notations, we can
formulate a stronger version of [4, Proposition 3.1] as follows.
Proposition 3.16. Let P be a finite poset such that mnl(P ) is a coherent cutset of P . If
PM is weakly contractible then P is weakly contractible.
Proof. We will prove first that every C ∈ Γ(P,mnl(P )) has a minimum element and that
PM = {minC | C ∈ Γ(P,mnl(P ))}. Let A ∈ P6=∅(mnl(P )) such that st(A) 6= ∅. Since
mnl(P ) is a coherent cutset we obtain that the subset A has a join. Hence st(A) has a
minimum element and, in particular, st(A) is connected. It follows that
Γ(P,mnl(P )) = {st(A) | A ∈ P6=∅(mnl(P )) such that st(A) 6= ∅}
and that every C ∈ Γ(P,mnl(P )) has a minimum element. It is not difficult to verify that
PM = {minC | C ∈ Γ(P,mnl(P ))}.
Therefore, P and PM are homotopy equivalent by item (a) of (the dual version of) 3.15.
The result follows. 
The previous proof shows that the subposet P0 of the dual version of 3.15 coincides
with the subposet PM defined in [4] when the cutset mnl(P ) is coherent. Observe also
that the hypotheses of 3.15 are much weaker than those of 3.16.
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Now, we will apply 3.15 to obtain some results concerning the fixed point property.
Firstly, observe that if P is a finite poset such that every C ∈ Γ(P,mxl(P )) has a maximum
element then, by 3.15, P and Γ(P,mxl(P )) are homotopy equivalent finite T0–spaces and
thus, by [5, Corollary 10.1.4], P has the fixed point property if and only if Γ(P,mxl(P ))
has the fixed point property. The following proposition generalizes this result for a not
necessarily finite poset P .
Proposition 3.17. Let P be a poset such that mxl(P ) is a cutset of P . Suppose that
every non-empty subset A ⊆ P such that Aop is well-ordered has an infimum in P and
that every C ∈ Γ(P,mxl(P )) has a maximum element. Then the poset P has the fixed
point property if and only if the poset Γ(P,mxl(P )) has the fixed point property.
Proof. Let P0 = {maxC | C ∈ Γ(P,mxl(P ))}. We will prove that the poset P has the
fixed point property if and only if the poset P0 has the fixed point property, and thus the
result will follow from the second item of 3.15.
Let i : P0 → P be the inclusion map. By the first item of 3.15, there exists a retraction
r : P → P0 such that ir ≥ idP . Thus, if P has the fixed point property then P0 has the
fixed point property since P0 is a retract of P . Now, suppose that P0 has the fixed point
property and let f : P → P be an order-preserving map. Thus, the map rfi : P0 → P0 has
a fixed point a. Then, i(a) = irfi(a) ≥ f(i(a)). Hence, the map f has a fixed point by
the Abian-Brown theorem ([1, Theorem 2]). Therefore, the poset P has the fixed point
property. 
The following result is another application of 3.15 which is related to the fixed point
property.
Proposition 3.18. Let K be a simplicial complex such that every simplex of K is con-
tained in a maximal simplex of K. Let M be the set of maximal simplices of K and let
LK be the poset of non-empty intersections of simplices of M , ordered by inclusion. Then
K has the fixed simplex property if and only if the poset LK has the fixed point property.
Proof. By [20, Proposition 9.20], K has the fixed simplex property if and only if the poset
X (K) has the fixed point property. Note that M = mxl(X (K)) is a cutset of X (K).
We claim that for each A ∈ P6=∅(M) the subset st(A) of X (K) has a maximum element
if it is not empty. Indeed, let A ⊆ M be a non-empty subset such that st(A) 6= ∅. Let
σA =
⋂
s∈A
s. Then σA 6= ∅ since st(A) 6= ∅. Thus σA ∈ X (K) and clearly σA = max st(A).
In particular, note that Γ(X (K),M) = {st(A) | A ∈ P6=∅(M) such that st(A) 6= ∅}. It
is not difficult to verify that LK = {maxC | C ∈ Γ(X (K),M)}. Let i : LK → X (K) be the
inclusion map. By 3.15, there exists a retraction r : X (K) → LK such that ir ≥ idX (K).
Hence, if X (K) has the fixed point property then LK has the fixed point property. Now
suppose that LK has the fixed point property and let f : X (K) → X (K) be an order-
preserving map. As in the previous proof, the map rfi : LK → LK has a fixed point σ,
and then i(σ) = irfi(σ) ≥ f(i(σ)). Since X (K) is locally finite it follows that the map f
has a fixed point. Therefore, the poset X (K) has the fixed point property if and only if
the poset LK has the fixed point property. The result follows. 
The previous proof shows that 3.18 could have been obtained as a consequence of 3.17
and item (b) of 3.15. We preferred to keep the proof of 3.18 as it is to show that, in
this case, the application of the Abian-Brown theorem can be replaced by a much simpler
finiteness argument.
12 ANA GARGANTINI AND MIGUEL OTTINA
4. Further applications to the fixed point property
In this section we will show that, when the considered cutsets are that of maximal (or
minimal) elements of the given posets, any order-preserving map between posets induces
an order-preserving map between the corresponding crosscut posets. Besides, we will
illustrate how this assigment can be used to study the fixed point property.
Definition 4.1. Let P be a poset.
• We define D(P ) as the poset Γ(P,mxl(P )).
• We define U (P ) as the poset Γ(P,mnl(P ))op.
• We define C (P ) as the union of the posets D(P ) and U (P ) with the additional
relations C1 ≤ C2 for every (C1, C2) ∈ U (P )×D(P ) such that C1 ∩C2 6= ∅.
Let P be a poset. In the previous section we observed that the elements of D(P ) are
down-sets of P . Dually, the elements of U (P ) are up-sets of P . Also, it is not difficult to
check that if P is a poset then D(P op) = (U (P ))op and C (P op) = (C (P ))op. Thus, the
results of this section concerning the poset D(P ) admit dual versions involving the poset
U (P ).
Example 4.2. In this simple example we consider the poset P of 3.14 and construct its
associated poset C (P ).
P
•
0
•
1
•
2
•
3
•
4
C (P )
2
0
3
0 1
4
0 1
0 1
3 4
2 3 4
0
3 4
1
D(P )
U (P )
The following proposition shows that, for a connected poset P , the sets D(P ) and
U (P ) of the previous definition are disjoint, except in a trivial case. It will be needed for
definition 4.4.
Proposition 4.3. Let P be a connected poset. The following are equivalent:
(a) D(P ) ∩U (P ) 6= ∅.
(b) P has a maximum element and a minimum element.
(c) D(P ) = U (P ) = {P}.
Proof. We will prove first that (a)⇒ (b). Let C ∈ D(P )∩U (P ). Then C is a non-empty
down-set and up-set of P . Since P is connected, C = P . Since C ∈ D(P ), there exists
a non-empty subset A ⊆ mxl(P ) such that C is a connected component of st(A). Hence
st(A) = P and thus #A = 1. Then, if a is the unique element of A, we obtain that
P = P≤a. Hence, P has a maximum element. In a similar way, it follows that P has a
minimum element.
The implication (b)⇒ (c) follows immediately from the definition of D(P ) and U (P ),
while the implication (c)⇒ (a) is trivial. 
THE CROSSCUT POSET AND THE FIXED POINT PROPERTY 13
Observe that the previous result does not hold if the poset P is not connected. Indeed,
if P is the antichain poset on {0, 1}, then D(P ) = U (P ) = {{0}, {1}}.
The following important definition relies heavily on proposition 3.8.
Definition 4.4. Let P and Q be posets and let f : P → Q be an order-preserving map.
• Suppose that mxl(Q) is a cutset of Q. We define
D(f) : D(P )→ D(Q) by D(f)(C) = min{D ∈ D(Q) | f(C) ⊆ D}.
• Suppose that mnl(Q) is a cutset of Q. We define
U (f) : U (P )→ U (Q) by U (f)(C) = max{D ∈ U (Q) | f(C) ⊆ D}.
• Suppose that both mxl(Q) and mnl(Q) are cutsets of Q and that D(P )∩U (P ) =
∅. We define
C (f) : C (P )→ C (Q) by C (f)(C) =
{
D(f)(C) if C ∈ D(P ),
U (f)(C) if C ∈ U (P ).
We will prove now that D(f) is well defined. Let C ∈ D(P ). Then there exists
a ∈ mxl(P ) such that C ⊆ P≤a. Since mxl(Q) is a cutset of Q, there exists b ∈ mxl(Q)
such that f(a) ≤ b. Then f(C) ⊆ Q≤f(a) ⊆ Q≤b. Hence, {D ∈ D(Q) | f(C) ⊆ D} is
non-empty and thus it has a minimum element by 3.8. In a similar way it can be proved
that U (f) is well defined and thus C (f) is also well defined.
It is not difficult to verify that the maps D(f), U (f) and C (f) are order-preserving.
The following example shows that the assignment f 7→ D(f) of the previous definition
is not functorial, and that a similar situation occurs with U and C .
Example 4.5. Consider the poset P and its associated poset D(P ) which are given below.
•
0
•1 • 2
•
3
•
4
P
3
1 2
0
4
1 2
0
1
0
2
D(P )
Let f : P → P be the order-preserving map defined by
x 0 1 2 3 4
f(x) 2 3 3 3 3
Let g : P → P be the constant map with value 0. Then fg is the constant map with value
2. It follows that, for all C ∈ D(P ), D(g)(C) = {0, 1} and D(fg)(C) = {2}. Thus, for all
C ∈ D(P ), D(f)D(g)(C) = D(f)({0, 1}) = P≤3. Hence, D(fg) 6= D(f)D(g).
This implies that C (fg) 6= C (f)C (g), and the fact that U is not functorial can be
deduced from this example considering opposite posets.
We will now show how the induced maps of definition 4.4 can be applied to give an
alternative proof to the following result of H. Ho¨ft and M. Ho¨ft.
Proposition 4.6 ([12, Theorem 2]). Let P be a poset such that mnl(P ) is a finite cutset
of P . Let f : P → P be an order-preserving map. Suppose that each non-empty subset of
mnl(P ) has a join. Then there exists x ∈ P such that f(x) ≥ x.
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Proof. Note that for each non-empty subset A of mnl(P ) we have that st(A) has a min-
imum element since the subset A has a join. In particular U (P ) = {st(A) | A ∈
P6=∅(mnl(P ))}. It follows that the the poset U (P ) has the fixed point property since
it is finite and has a maximum element (which is st(mnl(P ))). Thus, the order-preserving
map U (f) has a fixed point C0. Hence, f(C0) ⊆ U (f)(C0) = C0. Since C0 ∈ U (P ) there
exists a non-empty subset A of mnl(P ) such that C0 = st(A). Let a = min(st(A)). Then,
f(a) ∈ f(C0) ⊆ C0 = st(A), and hence f(a) ≥ a. 
The following proposition shows a simple but interesting relationship between the in-
duced maps of definition 4.4 and the fixed point property.
Proposition 4.7. Let P be a poset and let f : P → P be an order-preserving map.
(a) Suppose that mxl(P ) is a cutset of P . If C ∈ D(P ) is a fixed point of the map D(f)
and the subposet C has the fixed point property then the map f has a fixed point in C.
(b) Suppose that both mxl(P ) and mnl(P ) are cutsets of P and that D(P ) ∩U (P ) = ∅.
If C ∈ C (P ) is a fixed point of the map C (f) and the subposet C has the fixed point
property then the map f has a fixed point in C.
Proof. Under the hypotheses of item (a) we have that f(C) ⊆ D(f)(C) = C and since the
subposet C has the fixed point property we obtain that the map f has a fixed point in C.
Item (b) can be proved in a similar way. 
The following easy example shows that the previous result may not hold without the
hypothesis that the subposet C has the fixed point property.
Example 4.8. Consider the poset P and its associated poset D(P ) which are given below.
•
0
•
1
•2 • 3
•
4
•
5
P
4
2 3
0 1
5
2 3
0 1
2 3
0 1
D(P )
Note that the poset D(P ) has the fixed point property but the poset P does not have the
fixed point property.
The following result follows immediately from 4.7. Its proof wil be omitted.
Corollary 4.9. Let P be a poset.
(a) Suppose that mxl(P ) is a cutset of P . If the poset D(P ) has the fixed point property
and every C ∈ D(P ) has the fixed point property then P has the fixed point property.
(b) Suppose that both mxl(P ) and mnl(P ) are cutsets of P and that D(P ) ∩U (P ) = ∅.
If the poset C (P ) has the fixed point property and every C ∈ C (P ) has the fixed point
property then P has the fixed point property.
Corollary 4.9 generalizes [4, Corollary 5.3] (which is itself a generalization of [11, The-
orem 2]). Indeed, under the assumptions of [4, Corollary 5.3], for every non-empty subset
A ⊆ mxl(P op) the subset st(A) is non-empty and connected (since it has the fixed point
property) and thus D(P op) = {st(A) | A ∈ P6=∅(mxl(P
op))}. In particular, the poset
D(P op) is finite and has a minimum element (which is st(mxl(P op))), and thus, it has
the fixed point property. It is worth mentioning that in 4.9 we require neither that the
subsets st(A) are connected for every non-empty subset A ⊆ mxl(P op) nor that the subset
of maximal elements of P is finite.
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The following is a kind of converse of 4.7.
Proposition 4.10. Let P be a poset such that mxl(P ) is a finite cutset of P . Let f : P →
P be an order-preserving map. If f has a fixed point, then the map D(f) has a fixed point.
Proof. We will prove first that the poset D(P ) does not have infinite ascending chains. Let
C1, C2 ∈ D(P ) such that C1 < C2. Then C1 ( C2 and thus Imxl(P )(C1) ⊇ Imxl(P )(C2).
If Imxl(P )(C1) = Imxl(P )(C2) then, by 3.8, both C1 and C2 are connected components of
st(Imxl(P )(C1)), and since C1 ⊆ C2 we obtain that C1 = C2, which entails a contradiction.
Thus, Imxl(P )(C1) ) Imxl(P )(C2). Since mxl(P ) is finite we obtain that D(P ) does not
have infinite ascending chains.
Let x ∈ P be such that f(x) = x. Since mxl(P ) is a cutset of P , there exists a ∈ mxl(X)
such that x ∈ P≤a. By 3.8, the set {C ∈ D(P ) | x ∈ C} has a minimum element C0. It
follows that x = f(x) ∈ f(C0) ⊆ D(f)(C0). Thus, C0 ⊆ D(f)(C0). Hence, D(f) has a
fixed point by the Abian-Brown theorem ([1, Theorem 2]). 
Finally, we will give several examples in which we apply 4.7 (or 4.9) to prove that certain
posets have the fixed point property. These examples will show how 4.7 can be combined
with other arguments and tools to prove that a given poset has the fixed point property.
We will need the following lemma.
Lemma 4.11. Let P1 and P2 be the posets given by the following Hasse diagrams.
•
0
•
1
•
2
• 3 • 4 • 5
•
6
•
7
•
8
P1
•
0
•
1
•
2
• 3 • 4 • 5
•
6
•
7
•
8
P2
Let P be either P1 or P2. If f : P → P is an order-preserving map without fixed points,
then f({3, 4, 5}) = {3, 4, 5}.
Proof. We will prove first that f({3, 4, 5}) ⊆ P −mnl(P ). Let x ∈ {3, 4, 5} and suppose
that f(x) ∈ mnl(P ). Then f(P≤x) = {f(x)} and hence there exist a, b ∈ mnl(P ) such that
a 6= b and f(a) = f(b) = f(x). Note that f(x)  x since f does not have fixed points and
thus if P = P2 then f(x) = 1 and x = 4. Since a 6= b we obtain that P−mnl(P ) ⊆ P≥a∪P≥b
and thus f(P>f(x)) ⊆ f(P≥a ∪ P≥b) ⊆ P≥f(x). If there exists z ∈ P>f(x) such that
f(z) = f(x) then f(z) < z and hence f has a fixed point, contradicting the hypothesis on f .
Thus, f(P>f(x)) ⊆ P>f(x) and since P>f(x) is dismantlable by irreducibles we obtain that
f has a fixed point, which entails a contradiction. Therefore, f({3, 4, 5}) ⊆ P −mnl(P ).
It follows that f(P −mnl(P )) ⊆ P −mnl(P ). And since f does not have fixed points,
f is bijective in this subposet by 2.1. In particular, f({3, 4, 5}) = {3, 4, 5}. 
In the following examples we will prove that the posets P 3323, P 3531 and P
353
2 of [21,
Fig.1] have the fixed point property. Their Hasse diagrams are given below.
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•
0
•
1
•
2
• 3 • 4 • 5
• 6 • 7
•
8
•
9
•
10
P 3323
•
0
•
1
•
2
• 3 • 4 • 5 • 6 • 7
•
8
•
9
•
10
P 3531
•
0
•
1
•
2
• 3 • 4 • 5 • 6 • 7
•
8
•
9
•
10
P 3532
Example 4.12. In this example we will prove that the poset P 3323 has the fixed point
property. The Hasse diagrams of D(P 3323) and U (P 3323) are shown below. The shaded
elements of these diagrams are subposets of P 3323 which have the fixed point property
(since they are dismantlable by irreducibles).
8
6
3 4 5
0 1 2
9
6 7
4 5
0 1 2
10
7
3 4 5
0 1 2
6
4 5
0 1 2
3 4 5
0 1 2
7
4 5
0 1 2
4 5
0 1 2
D(P 3323)
8 9 10
6 7
8 9 10
3 6 7
8 9 10
6 7
4
8 9 10
6 7
5
8 9 10
6 7
3 4
0
8 9 10
6 7
3 5
1
8 9 10
6 7
4 5
2
U (P 3323)
Let f : P 3323 → P 3323 be an order-preserving map. Let C1 = {0, 1, 2, 3, 4, 5} ∈ D(P
3323)
and let C2 = {3, 6, 7, 8, 9, 10} ∈ U (P
3323). Note that the finite posets D(P 3323) and
U (P 3323) have the fixed point property. Let D1 ∈ D(P
3323) and D2 ∈ U (P
3323) be fixed
points of the maps D(f) and U (f) respectively. If D1 6= C1 then D1 has the fixed point
property and hence, applying 4.7, we obtain that f has a fixed point in D1. Analogously, if
D2 6= C2 then f has a fixed point in D2. Thus, we may assume that D1 = C1 and D2 = C2.
Hence, f(C1) ⊆ D(f)(C1) = C1 and f(C2) ⊆ U (f)(C2) = C2. Then, f(C1∩C2) ⊆ C1∩C2
and hence f(3) = 3. Therefore, the poset P 3323 has the fixed point property.
Example 4.13. In this example we will prove that the poset P 3531 has the fixed point
property. The Hasse diagram of C (P 3531 ) is shown in figure 1a.
Note that the minimal elements of D(P 3531 ) and the maximal elements of U (P
353
1 ) are
irreducible points of C (P 3531 ). The poset that is obtained by removing those irreducible
points is the posetQ1 given below. Now observe that the element labeled a is an irreducible
point of Q1, and by removing it we obtain the poset Q2 given below, which is isomorphic
to P 3323.
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8
3 4 6 7
0 1 2
9
3 5 7
0 1 2
10
4 5 6
0 1 2
3 7
0 1 2
4 6
0 1 2
5
0 2
0 1 2
8 9 10
8 9 10
3 4
9 10
5
8 9 10
6 7
8 9 10
3 4 5
0
8 9 10
3 4 6 7
1
8 9 10
5 6 7
2
(a) C (P 353
1
)
8
3 4 6
0 1 2
9
3 5 6 7
0 1 2
10
4 5 7
0 1 2
3 6
0 1 2A
4
0 1B
5 7
0 1 2C
0 1 2
8 9 10
8 9 10
3 4 A
′ 9 10
5 B
′ 8 9 10
6 7 C
′
8 9 10
3 4 5
0
8 9 10
3 4 6 7
1
8 9 10
5 6 7
2
(b) C (P 353
2
)
Figure 1
• • •
• • •
• • • a
• • •
Q1
• • •
• • •
• •
• • •
Q2
Since the poset P 3323 has the fixed point property (by 4.12) we obtain that the poset
C (P 3531 ) has the fixed point property. And since all the elements of C (P
353
1 ) have the fixed
point property (because all of them are dismantlable by irreducibles), we deduce from 4.9
that P 3531 has the fixed point property.
Example 4.14. In this example we will prove that the poset P 3532 has the fixed point
property. The Hasse diagram of C (P 3532 ) is shown in figure 1b. Observe that all the
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elements of C (P 3532 ) are dismantlable by irreducibles and thus they all have the fixed
point property. Let A, B, C, A′, B′ and C ′ be the sets indicated in figure 1b.
Let f : P 3532 → P
353
2 be an order-preserving map. If the map D(f) has a fixed point
applying 4.7 we obtain that f has a fixed point. Thus, we may assume that D(f) does not
have fixed points. Hence, by 4.11, D(f)({A,B,C}) ⊆ {A,B,C}. In a similar way, we may
assume that U (f) does not have fixed points and thus U (f)({A′, B′, C ′}) ⊆ {A′, B′, C ′}
by 4.11. LetM = {A,B,C,A′, B′, C ′} ⊆ C (P 3532 ). SinceM is dismantlable by irreducibles
and C (f)(M) ⊆M , the map C (f) has a fixed point. Thus, applying 4.7, we obtain that
f has a fixed point. Therefore, the poset P 3532 has the fixed point property.
Example 4.15. Let n, k ∈ N such that n ≥ 4 and 2 ≤ k ≤ n − 1. Let Pn,k be the poset
whose Hasse diagram is
•
c1
•
c2
· · · · · ·•
ck
•
cn−2
•
cn−1
•
cn
• b1 • b2 · · · · · ·• bk • bn−2 • bn−1 • bn
•
a1
•
a2
•
a3
Note that
P
n,k
≤a1
= {a1} ∪ {bj | 1 ≤ j ≤ n− 1} ∪ {cj | 1 ≤ j ≤ n},
P
n,k
≤a2
= {a2} ∪ {bj | 1 ≤ j ≤ n ∧ j 6= n− 1} ∪ {cj | 1 ≤ j ≤ n},
P
n,k
≤a3
= {a3} ∪ {bj | k ≤ j ≤ n} ∪ {cj | k − 1 ≤ j ≤ n},
P
n,k
≤b1
= {b1, c1, c2},
P
n,k
≤bj
= {bj , cj−1, cj+1}, for 2 ≤ j ≤ n− 1,
P
n,k
≤bn
= {bn, cn−1, cn},
P
n,k
≤cj
= {cj}, for 1 ≤ j ≤ n.
Observe that the posets P 4,3 and P 4,2 are isomorphic to the posets P 4434 and P
443
5 of
[21, Fig.1], respectively.
We will prove that the posets Pn,k have the fixed point property for all n, k as above.
To this end we will compute D(Pn,k). Let
A = {bj | 1 ≤ j ≤ n− 2} ∪ {cj | 1 ≤ j ≤ n− 1},
B = {bj | k ≤ j ≤ n− 1 ∧ j 6≡ n mod 2} ∪ {cj | k − 1 ≤ j ≤ n ∧ j ≡ n mod 2},
C = {bj | k ≤ j ≤ n ∧ j ≡ n mod 2} ∪ {cj | k − 1 ≤ j ≤ n− 1 ∧ j 6≡ n mod 2} ∪ {cn},
D = {bj | k ≤ j ≤ n− 3 ∧ j 6≡ n mod 2} ∪ {cj | k − 1 ≤ j ≤ n− 2 ∧ j ≡ n mod 2},
E = {bj | k ≤ j ≤ n− 2 ∧ j ≡ n mod 2} ∪ {cj | k − 1 ≤ j ≤ n− 1 ∧ j 6≡ n mod 2},
F = {cn}, and
S = Pn,k −mxl(Pn,k).
It is not difficult to verify that the connected components of st({a1, a2}) are A and F ,
the connected components of st({a1, a3}) are B and E, the connected components of
st({a2, a3}) are C and D and that the connected components of st({a1, a2, a3}) are D, E
and F . Hence D(Pn,k) is the finite poset given by the following Hasse diagram
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•
P
n,k
≤a1
•
P
n,k
≤a2
•
P
n,k
≤a3
• A • B • C
•
D
•
E
•
F
Let f : Pn,k → Pn,k be an order-preserving map. Observe that all the elements of
D(Pn,k) have the fixed point property since they are dismantlable by irreducibles. Thus,
if the map D(f) has a fixed point, applying 4.7 we obtain that f has a fixed point. Hence,
we may assume that D(f) does not have fixed points. Thus, by 4.11, D(f)({A,B,C}) =
{A,B,C}. Since S = A ∪B ∪ C, we have that
f(S) = f(A) ∪ f(B) ∪ f(C) ⊆ D(f)(A) ∪D(f)(B) ∪D(f)(C) = A ∪B ∪ C = S.
We will prove now that the restriction f | : S → S is not bijective. Note that
#A = 2n − 3 > n− k + 2 ≥ #B,
where the first inequality holds since n+k > 5. Thus, the sets A, B and C do not all have
the same cardinality and since D(f) does not have fixed points and D(f)({A,B,C}) =
{A,B,C} it follows that there exists T ∈ {A,B,C} such that #D(f)(T ) < #T . Hence
#f(T ) < #T and then f | is not bijective. Thus, applying 2.1 we obtain that the map f
has a fixed point in S. Therefore, the poset Pn,k has the fixed point property.
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